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ABSTRACT
We introduce a geometrical property of norm one complemented subspaces
of C(K) spaces which is useful for computing lower bounds on the norms
of projections onto subspaces of C(K) spaces. Loosely speaking, in the dual
of such a space if x* is a w* limit of a net (x¥) and x* = x* + xJ with
fx*|| = | x¥|l + )| x¥|{l . then we measure how efficiently the x*’s can be
split into two nets converging to x* and x§, respectively. As applications of
this idea we prove that if for every ¢ > 0, X is a norm (1 + ¢) complemented
subspace of a C(K) space, then it is norm one complemented in some C(K)
space, and we give a simpler proof that a slight modification of an /,-predual
constructed by Benyamini and Lindenstrauss is not complemented in any
C(K) space.

0. Introduction

Much work has been done on complemented subspaces of C(K) spaces. The
main open problem is whether such a space is necessarily isomorphic to a C(K)
space. For lack of intrinsic invariants, most of the results were obtained as
immediate specialization to projections of deep results on general operators on
C(K) spaces or by ad hoc computations. In this article we present a very simple
geometric property of C(K) spaces which is inherited by its norm one
complemented subspaces. We believe that this property can be exploited
further in the classification of the complemented subspaces of C(K) spaces. As
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has often been the case in other work on the structure of C(K) spaces, the
property we use relates the w* and norm topologies of X*. Proposition 0.1
describes the property we employ. (Convergence in the statement of the
proposition below refers to the w* topology.)

ProrosiTioN 0.1. Let K be a compact Hausdorff space, and let # be a
bounded subset of C(K)*. Suppose that u is a w*-limit point of # and that there
are u, and u, in C(K)* such that p=u, +p, and | || + 2l = 2|l -
Then there is a net (v*) in # and for each o elements v§, v, and n* of C(K)*
such that

1) v*=vi+vs+ 1,

(ii) v*=>p, Vi =, v§ — Wy and n* — 0,

(i) v || = ) forallaandi=1and?2,

(iv) im, (v || = [l = ) =0.

Note that because of (iii) the limit in (iv) cannot be positive. This means that
the splitting v* = v + v§ + n* is as “efficient” as possible in the sense that the
triangle inequality becomes an equality in the limit. It turns out that for
general spaces X the minimal defect in the triangle inequality for possible
splittings in X* can be used to give lower estimates on the norm of projections
from C(K) onto X. This is formalized in Theorem 1.3, and the rest of the paper
is devoted to some applications of this idea.

Given a Banach space X we denote by 4(X) its projection constant relative to
C(K) spaces, i.e., A(X)=inf | T|| | T~ || || P ||, where the infimum is over
all possible isomorphisms 7 from X into a C(K) space and projections P from
C(K) onto TX. By the Lemma in [B-L] actually A(X) = inf|| P ||, where the
infimum is over projections P from a C(K) space onto a subspace isometric to
X.If Xis separable, it is sufficient to consider metrizable K in these definitions.

In Section 2 we prove the following stability result for spaces with A(X) = 1.

THEOREM 0.2. Let X be a Banach space with A(X) = 1. Then X is isometric
to a norm one complemented subspace of some C(K) space.

Theorem 0.2 generalizes [B, Theorem 1] which says that a space which is
almost isometric to a norm one complemented subspace Y of a C(K) space is
isometric to Y. Indeed by Theorem 0.2 such a space is isometric to a norm one
complemented subspace of a C(K) space, and two such spaces are isometric if
they are isomorphic with constant less than 2. (See also [B, Corollary].)

As a corollary to Theorem 0.2 we obtain the result that if Xis a P, , , space for
every ¢ >0 then X is a P, space. This result was originally proved by
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Lindenstrauss [L, Theorem 6.10] and we would like to thank him for suggest-
ing that our methods might provide a simpler proof of this result.

Finally in Section 3 we construct a subspace X of C(w®) so that X* is
isometric to /; but X is not isomorphic to a complemented subspace of any
C(K) space, i.e., A(X) = co. The construction is similar to that in [B-L] but the
proof is simpler.

We shall use standard notation and terminology from Banach space theory.
Unexplained terms and background material may be found in [L-T]. In
particular C(K) will denote the space of real valued continuous functions on a
compact Hausdorff space K and we identify C(K)* with the finite regular
(signed) Borel measures on K. For uin C(K)* we use u* and x4~ to denote its
positive and negative parts, i.e., u =u™ —u~. If A is a Borel subset of K, y,
will denote the restriction of £ to A. Hence y, ,(B) = u(4 N B), for all Borel sets
B. Closure and convergence in a dual space will be with respect to the w*
topology unless otherwise noted.

§1. Efficient splittings

The proof of Proposition 0.1 requires that we construct splittings. Our first
lemma contains the actual construction that we will need.

LEMMA 1.1, Letv, u, u, and u, be finite measures on the measurable space
(LX) such that uy=p +w, and |u| =l )} + 2|l - Let P be a finite
partition of Q into measurable sets such that u has constant sign on each A €P.
Then there are measures vy, v,, and n such that

@A) v=v+n+n,
(ii) vi(4)=p(4) forall AEP and j = 1 and 2,

Gii) |yl = gl forj=1and2,

@) Il = Uyl = fel +2 Zeplad) —va).

Proor. Observe that because u has constant sign on the sets in P and

ffell = Hml + e\, sign py 4 = sign gy, =sign u,. For j =1 and 2 and
all 4 in P, define

[w* (v D ifu*t(A)=0andv*(4)#0,
(*) Vijg =

— [y Ay A ifu~(4)>0andv~(4)#0,

otherwise u and v have constant and opposite signs on 4, and we put
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(**) Viia = Hjja-

Define n =v —v, —v,.

It is easy to see that (i), (ii) and (iii) are satisfied. For (iv) note that for each
A €P at least one of u*(4) and u~(4) is zero. Therefore on sets A in P for
which (*) is used and u(4) = 0,

Nmall = Nvia =l @ Dvig — [ @Y AE T+ vl
= v A)—pr A+ [lvia |
S vl — laall +21v(4) — p(4)].

A similar calculation yields the same estimate if (*) is used and u(4) <0. On
the sets 4 for which (*) is used

Nmall = Mvall + lwall = VA + (u(4)]

because both u and v have constant sign on 4 and the signs are opposite.
Clearly

A+ @ = [viall = Tl +21v4) — pl4)].
This proves (iv). |

Proor of ProprosiTiON 0.1. For simplicity we shall assume in the proof
that K is totally disconnected and that there are clopen sets H* and H~ such
that u is non-negative on H* and non-positive on H ~. The second assumption
can be removed by noting that for every ¢ > 0 there is a closed set F such that
|1 |(K\ F)<¢and pu r has a Hahn decomposition with clopen sets. Thus the
proposition holds for pr, wr, i =1,2, and A + (u;r —u) and a simple
diagonalization argument completes the proof. The proposition in the case
that K is not totally disconnected can be proved by first composing with a
projection as we do in the proof of Theorem 1.3.

Define & to be the net of all finite partitions of K generated by clopen
subsets, i.e., every PE # is a finite collection of disjoint clopen sets {0, } such
that U O, = K. For each PE# let P’ be the partition generated by P and
# = (H*, H™}, the Hahn decomposition of X relative to u. Let v* €.# such
that

[VP(4) —u(4)| <1/|PP  forall AEP,

where |P| denotes the cardinality of P. By Lemma 1.1 with v =v* and the
partition P’ we can find vf, vf, and #* in C(K)* such that
(@) v =y +vi + 1",
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(i) vF(4)=p;(4) forall AEP’ and j = 1 and 2,

@i) v || = |lu| forj=1and2,

@) NP =1Vl — lul +22enlu() — VAL
Because the topology of K is determined by its clopen sets, (ii) implies that
v —u;,j=1,2, and n*—0. From (iv) we get that

Hm( | V2| = 12" = llull)=0. n

In the proof of Theorem 1.3 we shall need the following simple perturbation
result which will allow us to overcome small defects in the triangle inequality
in the splitting x* = x* + x¥.

LEmMA 1.2. Let u, u,, and u, be measures on the measurable space (2, X)
with u = u, + u,. Then there are measures v, and v, satisfying
@) p=v+w,

@ Jul=10vill + v,
(i) |vill = \mll fori=1and2,
V) lm=vill + lmz=vall = Nl + Nl = Nl

Proor. Letn = |u,| + |1]|. Clearly u and the y; are absolutely continuous
with respect to 1. Let f = du/dn and f; = du;/dn, for i = 1 and 2, in L,(n), and
observe that it suffices to find g, and g, in L,(#) so that (i)—(iv) hold with f>s and
g’s in place of the u’s and v’s, respectively.

LetA={/f,20)},B={ff,<0and |f;| £|£l|},and C = {f, ,<0and
Ifil > 11} (here { f>a}={w€E€Q: flw)>a}, etc.) and define

filw) ifw€EA,
&lw)=40 ifw€EB,
fiw)+ filw) fweC,
that is,
& =hlisct+ filc.
Define

&=filg+ fil 4us-

Then f=g +g, £8 =0 everywhere, and thus | f| = & +&| =
lgll + &l -Clearly |g ]| = || f || fori=1and 2, and

1i-al+ 1h-gl =2 [ 1hidn+ | 151
S IRATARIN T .
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We are now ready for the main result of this section.

THEOREM 1.3. Let X be a Banach space with A(X)< 1+ 6 and let # be a
subset of the unit ball of X*. Suppose that x* is a w*-limit point of # and that
there are x¥ and x¥ in X* such that x*=xf¥+x¥ and | x¥ || + | x¥| =

|| x* || . Then there is a net ( f*) in # and for each «, elements 3, 3, and g* of
X* such that
Q) f~=fi+fs+g,
(i) fo—x* fi—=x¥, f3—>xFand g —0,
@i JfFN = x¥| +20forallaandi=1and2,
@) lim, (&= | + Ix* 1 = 1./ <8.

ProoF. By Milutin’s Theorem [M] in the metrizable case and Ditor’s
[D] in the general case, every C(K) space is norm one complemented in
a C(S) space, with S totally disconnected. We can thus assume that X C C(K),
where K is totally disconnected and that Q: C(K)— X is a projection with
el <i+s.

Let 4 = Q*x*and y;, = Q*x*, fori =1 and 2, then

Tl + e <@ +CNxF] + 21D
=L+ x| = pl +allx* | = ul +o.

By Lemma 1.2 there are v, EC(K)*, i = 1, 2, such that u = v, + v,,

(*) Nell =Ivll + vl
Nvill =l
and
(+*) hm—wll + Ha—wall =l + Heall = Hell <6.

By Proposition 0.1 there are measures v*€ Q*.#, v7 and * in C(K)* such that
(D) vi=w+vi+n,
(2) v*—=u, vi—=v, vs—>v,and n*—0,
3) vell = ||vi|| forallaeandi=1and 2,
@ Lm, (v )l = 7l = N l)=0.
Let y* = v¢ + u; — v; and note that by (2), y¥ — ;. Define f*, f¥, and g to be
the restrictions to X of v, y¢, and n ¢, respectively. Then f# — x*and g* — 0. As
lim || v || = || v || by (2)and (3), we obtain that
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Lm || ff || Slm || y? | = || —vi || +Lm o7 |

==l + vl
= || xX| + 20,

(because by (*), |vi|| = |w || SA+d) | x*|| = || x*|| + and by (xx)

o —vi || <9).
Finally

H(fl g + x> = (/1)
Shm(fre | + flull =@+~ v )
=Him([| 7"l + [l = [v ) +lmé(1+8)7" v || <4,
by (4) and because ||v* || =1+9. a

In Section 3 we shall work with separable spaces X only. In this case bounded
subsets of X*are metrizable in the w* topology, and instead of nets we shall be
able to use sequences. For convenience we now formulate the “efficient
splitting” phenomena in separable C(K) spaces exactly as it will be used in
Section 3. The proof is essentially the same as that above so we omit it.

ProrosiTioN 1.4. Let K be a compact metric space and let € > 0. Suppose
that (V"),en, U, I, and p, are measures on K such that p = (u, + p,)/2, v* = u,
and(|u | + N2 | V2= |lu || + 2¢. Then there is a subsequence (v*), ey and
for each n € M measures vi and v§ such that

1) v* = +v§)/2,
andfori=1and?2,

(1) v — ;s

(iii) lim, | v | < |l@ || +4e +lm, (v || — (&)

§2. The proof of Theorem 0.2

Norm one complemented subspaces of C(K) spaces were characterized by
Lindenstrauss and Wulbert [L-W] as the C,(K) spaces. They also proved that
an L,-predual is a C,(K) space, with ¢ fixed point free if and only if & = Ext By.
is w* closed. The following proposition gives a similar characterization of
general C,(K) spaces. The proposition is a simple variation of [L-W, Theorem
1] and must be known, but we do not know of a suitable reference. We shall
only give a sketch of the argument using the same notation as in [L-W].
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ProrosITION 2.1. Let X be an L,-predual and let & =ExtBy.. If
& C & U {0}, then X is isometric to a C,(K) space, i.e., to a norm one
complemented subspace of a C(K) space.

SKETCH OF PROOF. Let K = & and let P, be a net of finite rank projec-
tions from C(K) into X such that P,x —x forall x€EX and || P, || — 1. Let
T,=P./|| P,| for all «. We shall show that 7, f~ ffor all f€ C,(K), where
o(k)=—k. Fix f€ C,(K) and u € C,(K)*. We identify x with an odd regular
Borel measure on K. (Here odd means that u(g4) = — u(A) for every Borel set
A such that 6(4) N A = J.) Given ¢ > 0 let  be an open neighborhood of
0€Ksothat | |(%) <e. Then &\ % is a w*-compact subset of K = cb(C,(K)),
the generalized Choquet boundary of C,(K). By [W, Lemma 1 (ii)], T, f(k)—
f(k) uniformly on &\4%. Thus

(f=Tfu)l = U (f- Taf)du‘

= [ 1T.r-fdiul +LWITaf—f|d|ul.

The first term is at most 2¢ || f|| and the second converges to 0, as noted
above. [

The next lemma loosely speaking says that the unit ball of an L,{(u) space has
a uniform modulus of convexity at the extreme points.

LEMMA 2.2. Let e be an extreme point of the unit ball of an L,(p) space and
letd>0.Ife=f+g,with | f|| + | gl <1+ 9,thentherearereal numbers
s and t such that

s+t=1 and | f—se| + |lg—te] <6.

ProoOF. By multiplying by — 1 if necessary, we can assume that e is the
indicator function of an atom of u. Let = se + h, and g = te + h, where h,
and A, are 0 on the atom. Clearly s + ¢ =1 and

Isl+1el+ Al + T )l <146
Thus
0> bl + bl = | f—sel +1lg—tel. u

We are now ready for the

ProoF oF THEOREM 0.2. It is well known that X* is isometric to an L,(u)
space. (See [L-T, p. 157].) Thus by Proposition 2.1 we need only show that
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8" C & U {0}, where & = Ext By.. Fix x*€ &\ {0}. We need to show that
x*€ 8.

Suppose that x* = x¥ + x¥ where | x* || = || x*|| + || x* || and lete>0.
By Theorem 1.3 there is net of extreme points (e,) converging to x*and there is
a splitting of (e,) in X*, (f7), (%), and (g°) such that

e=fi+fi+g, fi—=xt NI Ix*) +e, =12,
and

im(lg*) + ST+ 050 — Nel)<e
By Lemma 2.2 for each « there are real numbers ¢{ and ¢§ such that

ti+15=1
and
| fi—tell + || f5+8& —fell <e.

By passing to a subnet we can assume that ¢f —t;(¢), { = | and 2, and passing
to the limit, we get that

| x* —t(e)x* || + [| xF — tle)x* || =e.

Because ¢ is arbitrary both xj* and x} must be multiples of x* and therefore x*
is a multiple of an extreme point.

To see that x* is an extreme point let x* = x* and x¥ = 0 above. Then we
must have that £,(¢) = 1 — &/ || x* || and hence forlarge o, 1§ > 1 — 2¢/ || x* || .
Consequently

fx*f=1Hx*lZ 0/l —ezf—2e>1-2e/ || x*|| —2e,
thatis, | x*| = 1. |
COROLLARY 2.3. IfXisa P,,,space for every ¢ >0, then X is a P, space.

Proor. By Theorem 0.2, X is a C,(K) space. We shall show that a C,(K)
space is in fact a C(S) space if it is a P, space for A < 2. The corollary then
follows from a result of Amir [A] and Isbell and Semadeni [I-S]. By Zorn’s
lemma there is a maximal open set % which is disjoint from o(#). Let
h =14 — 1,4 and f= Ph where P is a projection from /.(K) onto X and
| PJ| <t<2. Then flk)>2—t¢ for all kE%. Indeed, for kEX, let gEX
such that suppg C# U o(%),g=0on# and g(k)=1.Thus | A —2g || =1
and |P(h—2g)|| = || f—2¢g || <t.Hence
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|flk) — 2g(k)| = | flk) - 2| <¢,

as claimed.

By the maximality of # it is equal to the set where fis positive, and we
have shown above that f=2—1¢>0 on %, therefore % is clopen. Also
K\ (% U o(4)) is clopen and again by the maximality of %, this set must be the
intersection of the zero sets of all x € X. It follows that the map R from C(X)
into C(%) defined by Rx = x4 is an isometry from X onto C(%). ]

§3. An uncomplemented /,-predual

In this section we describe a slight modification of the /;- predual constructed
by Benyamini and Lindenstrauss [B-L}, and use the idea of “efficient splitting”
to give a rather simple proof that it is not complemented in any C(K) space.
For each n €N we shall construct an /;-predual X, such that A(X,)— . We
then take X = (£ X,),, as the desired example. The space X, will be described
as a certain subspace of C(K,) for a suitably constructed space K,. We begin
with some topological considerations and the construction of X,,.

Let K be a compact metric space. We denote by I(K) the set of isolated
points of K, and by K’ the first derived set, i.e., K’ = K\ I(K). If S is another
compact metric space, we define a new space K(S), the substitution of S into K,
by replacing each isolated point a €I(K) by a copy of S. More precisely, K(S)
is the disjoint union X’ U (U {S%: a EI(X)}), where each S* is homeomorphic
to S and is clopen in K(S). A base for the topology at a point kK €K’ C K(S) is
given by sets of the form (K’ N G) U (U {S*: a EI(K) N G}), where G is an
open subset of K containing k. It is easy to check that K(S) is a compact metric
space, and that if x, €S for different a,’s in /(X), then x, — x in K(S) if and
only if x€K" and g, > x in K.

We now define the spaces K,. Let K; be the disjoint union of three
convergent sequences. Inductively we define K, ., = Ki(K,). It is easy to see
that K, is homeomorphic to the space of ordinals less than or equal to " -3 in
the order topology, and that X, , ,, = K, (K,,) forall n, m = 1. We denote by a,,
a,, a, the three limit points of K, as well as their copies in K, in the
representation K\(K, ), i.e., {a,, a;, a;} is the nth derived set of K.

Finally we inductively define the spaces X, as follows:

X, ={fEC(K): fla) = (fla) + flay))/2}.

Assume X, C C(K,) has been defined. For each isolated point a €K, there is
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a copy K? of K, in Ki(K,). Let X7 be the natural copy of X, in C(K?).
We then define

Xor1={fEC(K,+1): fla) = (flay) + f(a)))/2 and f x; € X;, for all a €1(K))}.

We shall consider K, as a subset of X* by identifying a point k € K|, with the
functional d(k), evaluation at k. It can be shown that X*is isometric to /, with
basis drawn from these point evaluations. This follows inductively from the
fact that each x* € X*, | has a unique representation

x* = a,d(ay) + ad(ay) + Y x¥,

where the sum is over all a €/(K)) and x}E(X;)*. Moroever || x*| =
lay] + as] + Z || x¥ || and thus X¥,, = (RORDZD(X2)*),.

In order to prove that A(X,)— o we will need to pass from a given
complemented copy of X, in some C(K) to a more nicely positioned subspace
isomorphic to X,, for some m < n. Assume that X, C C(S) and P: C(S)— X,
is a projection. Consider the measures {P*é(k): k€K, }. In order to use
“efficient splittings” we shall need all of these measures to have essentially the
same norm. This is achieved in the next lemma by passing from X, to some
natural copy of X,, in X, for suitable m <n.

Lemma 3.1. Let X,, C(S) and P be as above and fix €¢>0. If n>
m || P || /2¢, then there is a constant C and a complemented copy Y of X,, in X,
with projection Q such that

C—e= || (QPY*(k)|| =C+e
forall kEK,, C XX

ProoF. Represent K, as K,,_,,(K,,), let C'= || P || — 2¢ and consider two
possibilities:

(1) There is an a€I(K,_,,) such that || P*§(k)|| = C’ for all kEK?. We
then take C = C’ + ¢ and X, to be the set of all functions in X, with support
contained in Kj, and define the projection Q by QF = f1,.. This is the
required subspace.

(ii) If for each a€I(K,_,) there is a k?€EK} with | P*(k?) || <,
consider theset B,_,, = K, _,, U {k*: a €I(K,_)}. B, -, is homeomorphic to
K,_ .. and {k*:a€I(K,_,)} is dense in B,_,. Because || P*i(k)] <C’ on
this dense set and the map k — || P*§(k) || is lower semi-continuous, it follows
that || P*$é(k) || = C’forall k €B,_,,. This gives us a natural copy of X, _,, in
X,, namely
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Z ={ f€C(K,): fis constant on K, for each a EI(K,_,,)},

and there is a norm one projection onto Z given by

k) ifkek._,
Qftk)=
(k*) ifkeK? forsomeac€l(K,_,)

for which || (QP)*(k)|| = C’forall kEB, _,,.

If (ii) occurs we repeat the argument with C’= | P || — 2(r + 1)¢, B, _,,, in
place of K, and X, _,,, in place of X, forr =1, 2,... . We must succeed, i.e.,
case (i) must occur, for some r < || P || /2¢. [

We are now ready to prove that A(X,) — co. Assume notand let A = A(X,,) for
all n and let ¢ > 0. By Lemma 3.1 for each n there is an embedding X, C C(S)
with a projection P from C(S) onto X, of norm at most A and a constant C < A
such that C —¢ = || P*3(k) || = C + ¢for all k €K, Fix n. We shall prove by
induction the following:

CrLamM. There are measures (4;) on C(S) satisfying
(1) u; — P*(ay) or u; — P*i(ay),

(1) ]| =C + 8ne,

(1) | x| 21 —e)n + 1)

Because (P*u;),x, = i x,, combining (i1) and (iii) and using the fact that
C =1, yields

(I—en = fux | = 1 Pu)x | = 1P | = | P*]| || ]| 2AQ + 8ne).
If ¢ < 1/164 and n > 164%/(84 — 1), this is a contradiction.

PROOF OF THE CLAIM. Assume that n = 1. Fori =1, 2, 3,let; ; — g, be the
three convergent sequences whose union is K;. Thus

P*§(t,;)— P*6(a,) = (P*(ay) + P*(ay))/2
and
(I P*(a) ]| + I P*(@s) | )2 C+e= || P*o(a) || + 2e.

By Proposition 1.4 there is a subsequence (which, for simplicity of notation,
we assume is the whole sequence), and for each j, a splitting P*(¢, ;) =
(u} + )2 such that u/ — P*6(a;) for i = 2, 3 and
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Him || pf || = || P*6(a) || +4e +1im || P*5(1, ) | — || P*o(a) |
=ECH+e+4e+CHe—(C—e)=C+Te.

By passing to a tail of the sequence we obtain that || u! | = C + 8¢ and so (i)
and (ii) hold for both sequences y} and uj. We now estimate || u/ x, || . Define
f7and fin X, by

fi=14, and  f=1guu,jem — Lgyun,:en -

As 1= (f1, P*3(t,;)) = (ui(f7) + ui( f))/2, it follows that either u{( f/) = 1
or u4(f/)= 1 for infinitely many j. Suppose that this happens for u{. By
passing to a further subsequence, we can assume that z4( /) = 1 for all j. Now
ui— P*§(ay), hence

piN)= (S, P(@)y =1 and || f7+f] =1 forallj.

Therefore || uix, | Z ui(f’ + )= 2(1 — &) for sufficiently large j, and (u3)
satisfies (iii) as well as (i) and (ii). If #{(f’) = 1 for infinitely many j, we use
f? — fin place of f/ + fand proceed similarly.

Now we will consider the induction step.

Write K, ,, as the union {a,, a,, a;} U (U K/) where each K% is the copy of
K, which is substituted for ¢, ; in K, in the representation K, ., = K\(K,). For
each i and j let X2 be the natural copy of X, supported on K’/ and P' be the
natural projection onto X}/, i.e.,

Xii = {f€X,,,: flk)=0for kgK:} and PHf=fl.

Then (P>/)*§(k) = d(k) for kEK}’. Let ai’, ai’, and aj’ be the points in the
last non-empty derived set of K?/. By the induction hypothesis, for each j there
is a sequence of measures (4{)cen On S such that
() uf —(P"P)*é(a;’) = P*6(a;’) or uf — P*5(a3’),
() f|pt | =C+8ne,
(i) | g | Z (1 —e)n + 1)
Both of the sequences P*§(a;”) and P*§(al’) converge to P*(a,), and all
measures considered are in a compact metrizable space, namely, the ball of
radius 4 + 8ne in C(S)*. Hence we can diagonalize and choose for each j an
index k(j) such that v/ = u{ ;, — P*(a,).
As in the case n = 1, we use Proposition 1.4 and split v/ as v/ = (u} + u4)/2
sothatfori=2,3

ui = P*(a;)
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and
imjjuf || = | P*(a) || +4e+1im v/ || — || P*(ay) |
=SCH+e+4e+CH+8ne—CH+e<C+8(n+ .

Finally we estimate || u/,x,,, || . Foreachjfix f/€X} C X, ,,,with || f/ || =1
such that

VI Z Vi | —el2z(n+ D)1 —e)—e/2.

As v."(f") = (Wi(SN) +ui(f))2, either ui(f/)z(n+1)(1—e)—e/2 or
wi(f) = (n + 1)(1 — &) — ¢/2 for infinitely many j’s. Suppose this happens for
14, By passing to a subsequence we may assume that

wi(fHYz(n+ 1)1 —¢)—e/2  forallj.
Let f€ X, ,, be defined by

S=Vapuwrn = Napuwr)-

Then | f/ £ f|| =1 and because uj—P*i(ay), ui(f)—(f, P*(a)) = 1.
Thus

im || pfix, | Zimupd(f/+ )z +1)1—¢e)—e/l2+1,

and
Il x| = (n +2)1—¢)

provided j is large enough. ]

REMARKS. Here and in [B-L] three convergent sequences are used as the
basic building block of the example. However, in the proof we seem only to use
the sequence converging to 4, and so it might seem that a similar but simpler
construction could also be used to give an example with the same properties.
Suppose we try the construction with one sequence.

Let M, = {t;} U {a,, a,, a;} where t,—a, and a, and a; are isolated points;
we can inductively define M, ., as the “restricted” substitution of M, into M,
i.e., each ¢, is replaced by a copy M of M, but we leave a, and a5 as isolated
points. Then let

Y, ={feCM): fla) =(Na) + Na;))/2}

and inductively define
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Y, ={fECIM,,)): fla) = (fla) + fla;)y2 and f,; €Y, for all i}

where Y? is the copy of Y, supported on M.

If P: C(S)— Y, is a projection for which || P*§(m) || is essentially constant
for all m €M, the proof given above shows that | P*|| ~m + 1. The two
other convergent sequences used in the construction of X, were needed
precisely to force || P*3(k)| to be essentially constant. Because those se-
quences are not present in the construction of Y, we get that Y, is 3-isomorphic
to C(w™)! We sketch the proof below.

Let S, = {t;} U {a,, a;} C M, and if S, has been defined, let S} denote the
copy of S, in M} and define S,,, = (U S}) U {a,, a,} C M, ,. It is easy to see
that S, is homeomorphic to w". Moreover the restriction map R, : C(M,)—
C(S,) defined by R, f= fs, is a 3-isomorphism of Y, onto C(S,). Indeed,

| R, || =1 and there is a unique extension of an element of C(S, ) to M, which
is in Y,. Precisely, define F, : C(S,)— Y, by

f(m) ifmes,

Elf(m)={
2fla)— flay) ifm=a,

and inductively define E, ., : C(S,,)— Y, ., by

f(m) ifm=a,ora,
E i1 fim)= {2fla)— fla) ifm=a,
E! f(m) if m € M, for some i

where E! is E, but from C(S’) onto Y!. It is not hard to check that E, maps
into Y,, has norm at most 3, and is a right inverse for R,.

Let us make one other observation about Y,. By [B-L, Lemma] the study of
A(X) was reduced to the study of projections onto isometric embeddings of X
into C(K). Dually one could ask if it could be reduced to the study of 1-
quotient maps, i.e., if A(X) < oo, is there a compact Hausdorff space K and a
1-quotient map g from C(K) onto X which admits a right inverse 7 : X — C(K)
with || T || = A(X)? Unfortunately this is not always possible. While A(Y,) =
3, if g is a n-quotient map from C(K) onto Y, with n < 2, an argument similar
to the proof that A(X,)— co shows that any right inverse T of ¢ will have

| T || = cn for some constant ¢ independent of n.
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